Léopold Trémant

Laboratoire de Mathématiques de Lens, Université d’Artois

GdT AMS MAPS5, Paris-Descartes
09/01/2026

L. Trémant — LML Uniform accuracy from geometric high-order averaging 09/01/2026 1/30



Behaviour of highly-oscillatory problems
Geometric properties of averaging

The averaging ansatz and normal forms
Well-posedness of the averaged model
The quasi-periodic case

Computing the change of variable and the pullback
Validation on the Hénon-Heiles model

L. Trémant — LML Uniform accuracy from geometric high-order averaging 09/01/2026



Introduction

Behaviour of highly-oscillatory problems
Geometric properties of averaging

L. Trémant — LML Uniform accuracy from geometric high-order averaging



Introduction ®0000000

We are concerned with models of the form
y" = ZjAy‘" +1(y7),  y(0)=y R’
where T — e is (quasi-)periodic.
Discretised non-linear Schrédinger
o = A 4 0Py
Particle methods for Vlasov equation with stiff magnetic field

1
ath+V-VXfE+<E+EV><B) -Vyff=0
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1 € € €
Oyt =-Ay+1(y’),  y(0)=yeX

based on the integral form

t
vty =e"yo+ /0 el 9t (y*(s))ds,
RK scheme on the filtered problem
)y =e "eys(t),  ie.  awl(t) = e A f(erAur).

e.g. Strang splitting

LA

o e o e A(y,)

Yer1 =¢€
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where [f, g] = g'f — f’g is the Lie bracket of vector fields.
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Error convergence w.r.t. h (left) and ¢ (right) of the Strang splitting on the Hénon-
Heiles model for t € [0, 4x].
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u(t) =0, uO(t) A method of order q is said to be
\ A \ uniformly accurate (UA) if its uniform

| order of convergence is not

_ ! _ degraded, i.e. if

Z 1 z

g 4.5 4% sup max |u°(t) — ui| = O(AL9).

S S S 02ebey 05 (VO ESONSE)
i We say a method is asymptotic
| preserving (AP) if

— U = q
s|—|>r9+ oT@a<X U (k) — ug| = O(AL).

These notions may depend on the initial conditions (e.g. near-equilibrium).
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Error convergence w.r.t. h (left) and e (right) of the Strang splitting on the Hénon-
Heiles model for t € [0, 4x].
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Error convergence w.r.t. h (left) and ¢ (right) of the Strang splitting on the first-
order averaged Hénon-Heiles model for t € [0, 4x].
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high-order averaging (Castella, Chartier, Lemou, Méhats, LT ...)
asymptotic preserving (AP) schemes (Dimarco, Jin, Pareschi,
Toscani, ...)

exponential integrators (Hochbruck, Lubich, Ostermann, Schratz ...)

relaxation problems (Castella, Chartier, Lemou, Molmy, LT, ...)

stochastic case (Laurent, Vilmart)
In some regard, also related to: homogenization, Chapman-Enskog
expansion, non-linear geometric optics...
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Long-time numerical behaviour
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[o}3

Figure: Trajectory for t € [780,800] with e = 7/100 for different time steps using the
integral RK1 scheme.
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The system may actually be written in a canonical Hamiltonian form
q=VpH(p.q), p=-VqeH(p.,q)

with the Hamiltonian

1 1 1
H(q1. G2, p1, p2) = 5- (P +9°) + 5 (PZ +a°) + Gi°qe — §q23

1H, Hi

A vector field (6, y) — g(y) is said to be Hamiltonian if there exists
(6,y) — H(y) € R such that

_ _ o -/
9(y) =J " VH(y) where J7'= (Id 0d>.
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The midpoint scheme — Energy drift

RK4
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Figure: Energy deviation over time depending on the scheme used to approximate e
in the Strang splitting.

HH great visuals in introductory video by braintruffle on YouTube
& Hairer, Lubich, Wanner — Geometric Numerical Integration (2006)
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In general, it is important to respect the correspondence

exp
Lie algebrag <—— Liegroup &
tangent

vector fields « flows
Hamiltonian <> symplectic
divergence-free « volume-preserving

Only some operations preserve structure

eg.forgegand ¢ € &,
g<a¢:=(due) ' godeg

[f.g]=9g'f-fgeus.
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The averaging ansatz and normal forms
Well-posedness of the averaged model
The quasi-periodic case
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Averaging @0000

sl Introduce the “filtered” problem on
Us(t) _ e—tA/s—:ys(t)7
0.10
_ and the filtered vector field can be de-
:'5' 0.05 | fined as
% 0.00 | f« eeA = 979/4 f(eeAu) =0s
i o0s | where (6, u) — go(u) is periodic w.r.t.
] # and
-0.10 | atus(t) — gt/g (Us(t)) .
Of T uE (1) = O(1/ek)
I | A therefore the order of numerical
0 1 2 3 4 5
t schemes is still limited
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/ N
SV RN // The main dynamics are dictated by the
<\ 7 non-stiff problem
0.10 . 2 ]
N N t
S0l | w0 =+ [ G((9)ds+ 00,
; \ \ // 0
oo\ \ with go the #-average vector field.
5 \ \ //
Ef T \ \ / Decompose the solution u® as
-0.10 \ / c ~ - ey —1
\ UE(t) = &7, o exp(tG7) o (¥5) (o)
/
=] \ U\ with  (0.0) > 95(u) —id+0()  a
| 71 Y periodic change of variable and
ot R e u — G (u) a non-stiff vector field.

L. Trémant — LML Uniform accuracy from geometric high-order averaging 09/01/2026



Averaging 0O®00 19/30

since U (t) = @5, 0 €' o (¢5) ™" (uo) with
OrU® = gy (U°),

Do ®; = £ (go 0 ¥ — DG - G°)
© refine ®° with a fixed point A\ but there is no structure here!

Construct generators =al*l = O(=*) such that
¢L"] = exp(s aE,”]) 0..0 exp(s a[;]),
with & = id, closure 3! = 0 and the iterations

803[9n+1] - (Dq)[en])% (ga o (D[Gn] -~ %aeq)[en]) _ @Gl = 0",

sl every element is in the Lie algebra

L. Trémant — LML Uniform accuracy from geometric high-order averaging 09/01/2026 19/30



Averaging 000O@0 2

0.16

0.14

0.12 |

0.10

L. Trémant — LML Uniform accuracy from geometric high-order averaging



Averaging 000O@ 21/30

Knowing the change of variable ¢["l, we define
—1
Vi) = (o) 7w (),
which satisfies the new differential equation
avl(t) = (DoY) (g,/g ol — gagqﬂ"l)
= GIMI(VI(t)) + dpal) (VI (1))
)
sl the oscillations are now small

Because al"'l = O(c"), the new vector field satisfies (formally)

BT Y(t)] = O(1 /O,
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The operator A generates a known 2r-periodic group 6 — €A
For all e small enough, the solution stays in some K for t € [0, 1]

Introduce the complex extensions of KC as Kr
—— K

Kr={u+d, (ub)ekxXe,lilc<r}.

There exists some R > 0 such that the vector field (6, u) — gy(u) is of
class C* w.r.t. # and u-analytic in K, of radius everywhere greater
than 2R. Furthermore,

sup  |ga(U)| =: [|gll2r < M.

(97U)€TXK2R
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The homological equation is “solved” iteratively with the relation
dpalt =gl — gl and ol = id,

with gl = (Do)~ (gy 0 &1 — 1gp0l).

There exists €9 > 0 such that for all n € N, the averaging procedure is

well defined for0 < e < ¢, := n% Specifically,

)‘”

€n €n

@

= p n
ol s =, st le-glis (2

Their derivatives w.r.t. 8 are of the same size, i.e. respectively O(z),
O(1) and O(e") up to order .
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Averaging ocoe

When differentiating the new problem
5‘tv[”](t) — G[”“](V[”](t)) + ()()3577[1](V[n](f))

the oscillations get divided by ¢, but are small enough to not generate
stiffness!

This problem is non-stiff up to its (n + 1)-th derivative and can
therefore be solved with uniform accuracy up to order n for standard
schemes and order n + 1 with integral schemes. In other words, we
may obtain

|V(tg) — Vg| < CAtn_H

with C independent of .
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(wt, ..., ws) such that there is a decomposition

— Z eia-w ﬁ)a

acZs

then identify the vector field
(0,u) eTS X K go(u) st go,r=fae™

The iterations are now

1 ~
Z 39 Al — ginl _ gl

which is integrated in Fourier space for o € Z°, a # 0,

P ) I P~
(o - w)

g A small divisors!

(0%
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The frequencies are strongly non-resonant: there exist cp, v > 0 such
that for all « € Z° \ {0}

la- w| > epla| ™.

Quantifies the small divisors: if g is HY', then gl is H; =™

If (6, u) — go(u) is analytic w.r.t. 6 with radius 2, then the previous

results hold for
€0

(n+ 1)+
Additionally, the maps are analytic with radius .

O<e<egy:=
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Experiments 2

Computing the change of variable and the pullback
Validation on the Hénon-Heiles model
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Compute the flow in a structure-preserving manner,

exp(sagﬂ) .— i +sa[n]( (id +o0M))

@ Wil this impact uniform accuracy?
© Only for n > 3 because ¢l = exp(zal™) + O(e)®

19561 = 0yl (3(id +61M)) + L1eDA (L (id +6U1)) - Loyl

—(g[” T (g (1(id +6M))
+ 1eDal (3 (id +olM)) - Lopgl!

© fixed-point for gamg”], computing the jacobian-vector product (jvp)
with automatic differentiation
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Error convergence w.r.t. h (left) and ¢ (right) of the Strang splitting on the first-
order averaged Hénon-Heiles model for t € [0, 4x].
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Starting from an ansatz

U (t) = 95, 0 exp(1G7) o (O5) ™' (wo)

with ®¢ periodic and G° non-stiff, we derived
a systematic high-order averaging procedure
a framework which extends fairly naturally to other contexts
modified problems solvable with uniform accuracy
and which naturally preserve some geometric properties
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Starting from an ansatz

U (t) = . 0 exp(1G°) o (1) " (o)

with ®¢ periodic and G° non-stiff, we derived
a systematic high-order averaging procedure
a framework which extends fairly naturally to other contexts
modified problems solvable with uniform accuracy
and which naturally preserve some geometric properties

However, some obvious limitations remain:
the computational cost increases exponentially with the order n
this may not be suited for low-regularity problems
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Starting from an ansatz
1= 15 13 71
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