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NODYCON 2025 What are Hamiltonian dynamics?

Canonical problems

Derive the dynamics on the position &
momentum from a Hamiltonian

(qp) = H(qp) € R,

q = VpH(an)7 p = _qu(qap)
Or on the full coordinates u = (q, p),
RGOS N
—_———
Hamiltonian —
ynamics symplectic form

Example: simple pendulum,q =6, p = w.

L. Trémant 23/06/2025

Non-canonical problems
Other symplectic form z — W(z)

7 =1f(z) :== W(z) 'VH(2)
which derives from a potential z — A(z).

Example: Lotka-Volterra, guiding center...

Learn a symplectic potential and a
Hamiltonian with neural networks

[Greydanus, Dzamba, and Yosinski 2019]
[Chen, Matsubara, and Yaguchi 2021]
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fit a symplectic potential
and a Hamiltonian on x

©

2).

x=x(1-y).
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Figure: Comparison of the solutions for the different architectures, with initial conditions x(0)
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NODYCON 2025 The importance of structure — Lotka-Volterra

(;) = ()8/ ())(y> <11 B 3//;‘> o fit a symplectic potential

and a Hamiltonian on x, y

3.0
-=- reference 0.20 4 === reference
M no structure M no structure
2.5 4 === _non-canonical —— non-canonical
= canonical 0.15
2.0
T
c
2 0.10
> 15 5
e
.»»“’{
1.0 0.05 -
0.5 -
------- o1 Mt A A
T T T T T T T T T T T T T T T T
0.5 1.0 15 2.0 2.5 3.0 3.5 4.0 4.5 0 20 40 60 80 100 120
t

Figure: Comparison of the solutions for the different architectures, with initial conditions x(0) = 1,y(0) = 1.
L. Trémant 23/06/2025 5/16
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Standard @ I

scheme short time long time

2.00
1.75
1.50

> 1254 14
1004 ¢k
0.75 -

0.50

0.25

T T T T T T
1.0 1.5 2.0 2.5 3.0 3.5
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Geometric
scheme  short time long time

9

Wl

2018

The importance of the scheme — Lotka-Volterra

( Ellison et al.)

AT
T

— DviI
Il RK4

T T T T T T T T T
0 2500 5000 7500 10000 12500 15000 17500 20000

t
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NODYCON 2025 Failure of the scheme for learnt models

100000 4

m DVI m DVI
=== exact —-=—- exact
— ref,

80000 -

60000 -

40000 -

20000 A

T T T T T T T T T T T T T T T
0 1 2 3 4 5 6 7 0 10000 20000 30000 40000 50000 60000
X X

Sample of solutions of the geometric scheme (DVI) for the reference model (left) and the
learnt model (right) on the Lotka-Volterra problem, with a time-step At = O.1.

L. Trémant 23/06/2025 7/16



NODYCON 2025 Explaining the failure of the scheme

100000 H
The symplectic form derives from a sym- - ov /

=== exact
plectic potential A(z), — ref,

80000 -

W(z) = D,A(z)" — D,A(z).

60000 -

and the dynamics used by the scheme are >

{p = D,A(z)"z — V,H(2),
p =A(2). 20000

40000 -

O the symmetric part of D,A (the gauge)

sl appears in the scheme error . ; ; ; . . .
0 10000 20000 30000 40000 50000 60000

'@ does not appear in the loss x

© “invisible” perturbations may appear in z +— A(z) during training

L. Trémant 23/06/2025 8/16



NODYCON 2025 Goal-informed vector-field learning

take into account the scheme that

dataset { (z,f(z)) } @ will be used by adding a penalization
term to the loss,

3.0

“4‘<§‘ 3 5
2.5 - Pos ate SR&T 1 2
e RTIY, £(0) = 5 3_ o) -]
2.0 vy 4‘:;: :4’,‘;‘ \*;{* b—1
"y "’ T~ ‘v“\»\a“ ‘\E‘ 2
~1s{ | S bt S 1 H,e (z®, £0)) H
' V‘&'P;‘ » »‘i
- A M . .
" “,4;4‘:444«, 4 with the dominant error term r(z, z;),
0.5 v I T !
=12 2(h) — 2 = hr(z0. F(z0)) + O(?)
0:5 1:0 1?5 2?0 2:5 3:0

A might not work with other schemes!

L. Trémant 23/06/2025 9/16



norm of reg. term

NODYCON 2025

—— with regularization

— without regularization
102

10! 4

0 200 400 600 800
epochs

L. Trémant 23/06/2025

1000

1200

1400

T
160C

Effect of the regularization term

100000 4

80000 1

60000 4

40000 -

20000 4

m DVI
==+ exact
— ref.

T T
0 10000

T
20000

T
30000
X

T
40000

T
50000

T
60000
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NODYCON 2025 Effect of the regularization term

5 m DVI
—— with regularization === exact
— without regularization
102 ] 4
E 4
= 4
s
o) ) 31
19 ]
s >
£ ]
o 2 4
c ] v aam
1 4
101 -
1 T T T T T T T T T
0 200 400 600 800 1000 1200 1400 160C
epochs 0
T T T T T T T T
0 1 2 3 4 5 7
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learn a discrete mapping
based on the num. scheme

dataset {(z(0),z(At)) }

3.5 1 -
3.0 A O e
2.5 J o TS
/ / .-
.

2.0 1
1.5 1
1.0 4

0.5 1

T T T T T T
0.5 1.0 15 2.0 2.5 3.0
L. Trémant 23/06/2025 X

NODYCON 2025 Scheme learning, broadly speaking

Se(@", ") ~ AT - AS

- (DZA@"(Z”+1 _ ") At VZH@”>

avoid the trivial Ag = O,H =0
using Jo = D,Se(z(0),z(At))

£(©) = XB: H 5'So (z(b)(O),z(b)(At)) HZ
b:

+ e logio £(Jh)

© DoAg, Hgexist? @
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NODYCON 2025 Backward error analysis in the linear case

the exact solution is the numerical solution
of a modified vf

the numerical solution is the exact
solution of a perturbed vf

f fae
Pid g \ A ~ -
0 St - ~ Pat
bea. ¢ u" colr)rected U( At)
N ea. S
AN ont( AL N ®
N - “~ o At
fat S f

For a linear problem z = Mz,

Euler: ®a; = id +AtM, restrictions apply in the
_ oAtM non-linear case
var =€ = MA 1 (eAtM id) with large time-steps
~ ~ = — — .

[Chartier, Hairer, and Vilmart 2010]

L. Trémant 23/06/2025 12/16



NODYCON 2025 Error convergence without structure

. - 0 1
err — HeTM — (id+06tMar)™[, M=), = <_1 o>'

10!
10—1.
10—3.
1 I
= 1072 4 ‘I l’
1
¢ 1077 1 " -8 -2
(] 107 4 /‘d .| —e At=10
1094 -e- at=5-10% || ol A V1 —e- At=5-104
V1 10-10 4 _‘Q, (W]
n | - At=107° 1 g \J —e- At=107°
1079 . order1 ! 10712 4 ’,/ ——~ order2
10 107 10™* 10°3® 1072 107! 107 107° 10™* 1073 102 107!
ot 6t

Figure: Error ata time T = 5 for different learning time-steps At and simulation time-steps 4t using the explicit
Euler method (left) and the midpoint method (right).

Tt 23/06/2025 © simulate with the same time-step as for learning 5



NODYCON 2025

Error convergence with structure

M 15 \T/ot LT M oAT
err = He — (id+6t) "Hat) , Hat = i(jMAt + (Mar)")
100 ] —e— At=107?
] e at=s5-107
1079 —e- at=10"°
10724 ——- orderl
510734 R 3
- 4
10-4 ] 1072 pra | —e— At=10"
~, ¢ v —a
. 10-10 | R V1 =%~ At=5-10
107 § . PRiad Vo —e- At=10"°
10-6 1 ’/’ 10712 // ‘.’ -=- order 2
106 105 10~ 10-* 102 10~

10-® 10=* 107* 107%® 1072 107!
6t

Figure: Error ata time T = 5 for different learning time-steps At and simulation time-steps 6t using the explicit
Euler method (left) and the midpoint method (right).

L Tiémant 23/06/2025 © use a scheme appropriate for the structure 16



NODYCON 2025 Learning using the scheme

10° § ==~ order1 57
{ - DVI

107 1 - noreg. ol
C - .
o j —@— with reg.
5 1
2
2 1 34
s 10" 5
“— >
o
[
a 100_5 2
4 E
©

1071 4 e

0
T
_ T T T T T T T T
107 0 1 2 3 4 5 6 7
h X

Figure: Results on the Lotka-Volterra problem, At = O.1. Left: error on the numerical scheme in short time.
Right: solution of the geometric scheme (dots) and the exact sol. of the learnt model.
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NODYCON 2025 Conclusion

For long-time simulations
» hard-code structure
> use an appropriate numerical scheme
» application to Lotka-Volterra and guiding center

Vector-field learning Scheme learning
> velocity dataset > snapshot dataset
1l recover the underlying physics 1l allows larger time-steps
A need care for long-time simulation A hard-codes a specific scheme

Future work
» theoretical analysis of the numerical scheme
» other problems (time-dependent, reduced-order...)

L. Trémant 23/06/2025 16 /16



NODYCON 2025 Conclusion

For long-time simulations
» hard-code structure
> use an appropriate numerical scheme
» application to Lotka-Volterra and guiding center

Vector-field learning Scheme learning
> velocity dataset > snapshot dataset
1l recover the underlying physics 1l allows larger time-steps
A need care for long-time simulation A hard-codes a specific scheme
Future work Thanks for your attention!

» theoretical analysis of the numerical scheme
» other problems (time-dependent, reduced-order...)
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