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Non-canonical Hamiltonian dynamics - derivation and examples

Vector-field learning from velocities
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Derive the dynamics on the position & momentum from
a Hamiltonian (g, p) — H(q,p) € R,

u
q=VpH(q,p), P=-VqH(q,p)
0 i lp(Mou + bo)
_ |9 S _ -
u= [p]’ u=J VAW,  J= {/ 0}
Hamiltonian ——
coordinates dynamics symplectic form v
hy
the symplectic form derives from a potential lp(/\/lehe + br)
Lotka-Volterra | | magnetic field lines | | guiding center
Learn a symplectic potential lmth
and a Hamiltonian with a neural network
H(u)

[Greydanus, Dzamba, and Yosinski 2019]
[Chen, Matsubara, and Yaguchi 2021]
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L(z,z)
L£(q,p;qr) =p-q— H(q,p)
e;(tremise the acti.on Note: with H(g, p) = %pz + V(q),
2 / £ (2(1), (1)) dt} —0 1,
fo L= ép - V(Q) = K(p) - V(Q)

d[oL, _ . oL, _ .
PT: {aZt(z,z)} = 5(2’ z)
L(z,z;) =A(2) -z — H(2)

degeneracy condition
yields a symplectic form

8L _
th’c‘)ztj B .
W(z) = D;A(z)' — D;A(z)
2d .
6‘£ A= % and dynamics
= 0z/0z/ oz
z=W(z2)""VH(z).
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X=X=Xy, y=-y+xy.

Alx,y) = (_ In(Oy)/x) , H(x,y) = x +y — In(xy).

2.5 1 X 2.5
—y
2.0 1 2.0
1.5 > 1.5
1.0 1.0
0.5 0.5 1
0 2 4 6 8 10 0.5 1.0 1.5 2.0 25

t
Time evolution Phase-space evolution
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Asymptotic model in tokamaks with a strong magnetic field

poloidal-toroidal coordinates X = (r, 8, ¢)

momentum is just u in the toroidal direction

magnetic potential A = (0, Ay, Ay), from whichB =V x A
magnetic field unit vector b = Ry + r cos(6), here Ry = 1

assume axisymmetry (invariance of dynamics w.r.t. toroidal angle ¢)

e.g. [Qin, Guan, and W. M. Tang 2009]

L(r,0,¢,u,0:, ¢1) = Ag(r,0)8: + (As(r) + ub(r.0)) s — H(r,0, u).
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Different trajectories in the R-Z and 0-u planes, with initial conditions ry = 0.05, 65 = 0,
¢o = 0, u = 2.25 x 10~6 and different initial velocities, generating different qualitative

dynamics. In reading order, deeply trapped uy = —4.306 x 10—*, barely trapped uy =
—7.61 x 10~*, barely passing uy = —7.782 x 10~*.
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f@(Z) = W@(Z)_1VH@(Z)

—
\ A@(Z) H W@(Z)

3.0 4
%4443‘ 4
] . T, Y
{(z,f(2)), z sampled randomly} 25 5 ‘5‘:’,3‘},,“‘}
| V' ~¥ S Wy ‘? -
2.0 ‘\‘ > N ‘ ‘\"
\4 ‘i’\\“r‘: ‘;»
2 > 154 LTI L
C(©) = B [|lfo(2) ~ H(2)I1%] RO
1.0 A A A
with the natural Gram norm, ) ‘
051 v
1 A 348 o
1613 = 6" (E[(2)"F(2)]) "o : : : : . .
0.5 1.0 15 2.0 2.5 3.0

No gauge fixin
9aug 9 Sample of the dataset for Lotka-Volterra
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<X> _ ( 0 XY> (1 - 1/X) fit the symplectic potential A and
xy 0 )\1-1/y the Hamiltonian H on x, y

1.6 1

1.44

1.2

1.0 1

0.8

0.6 1

0.6 0.8 1.0 1.2 1.4 1.6 0.6 0.8 1.0 1.2 1.4 1.6

Sample trajectory in the validation set for (left) € [0, 6. 5] and (right) t € [793.5, 800],
computed using DOP853 with tolerances ayg = fio) = 1010
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axisymmetry & 2r-periodicity [Dong and Ni 2021] w.r.t. §

I'—Imin

g Imax —Imin —> H@ ~y 4k pal’ameters
z= é | cose (01 + !®)
U—Upin — Ao~ 4k parameters
u Umax —Umin
some “width” around (r, 6, ¢) = (0.05,0,0)
r € (0.04,0.06), 0 € (—757, 757)

¢ e(0,2r), ue(-85x1074-3x1074)

6k points sampled with a latin hypercube method
simulate for 3 (banana —deeply trapped) periods

20 time-steps per period
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n fal
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R 0
Barely passing (above) and trapped (below) particle, quasi-exact trajectory of the learnt
model in the poloidal plane (left) and 6-u plane (right).
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First-order degenerate variational integrator (DVI)

Loss function for long-time simulations
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0.06 -

0.075 -
0.04 -

0.050
0.025 - 0.02 ~
0.000 - N 0.00

-0.025 -
—0.02

~0.050 -
—0.04

—0.075 A

T _0.06 A T T T
095 1. 00 105  1.10 0.95 1.00 1.05

Barely passing particle, simulated with RK4 (left) and DVI (right), for 1300 periods with
about 15 time-steps per period. Points are drawn every 11 time-steps.
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Z, — Z
£(27 Zt)\ZY:'z LAT (ZIH zﬂ+1) =L <2n+1 ) H_HAtn)

Extremise the (discrete) action l

1) . 0
= |:/£(Z(t)vz(t))dt:| =0 oz l; LAt(ZkaZk+1)1 =0
(Discrete) Euler-Lagrange equations
-
gai( .)7875(22) 1oLy oL_| _ oL
dt |9z 9z At | 8z oz | oz
Time-evolution
-

2 =f(z) == W(z)"'VH(z) Sat(zn, Zni1) = 0
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det(D1D>Lat) # 0 = parasitic oscillations

0.10
need rank(DyDaLas) = d
0.05
X 9(x,y) £
z—{y}, A(z){ 0 = 0
- / —-0.05
‘C(Xay7xt) = ’l)/'(X.y)Xt - H(X~y)
which generates the symplectic form 010
) RI[m]
W(z) D97 — D¥ —Dyv
- (Dyﬁ)T 0 Result of a multistep VI, stolen from
[Ellison et al. 2018, Fig. 5]. “Even-
indexed points are marked in white
x=(0,¢),y=(r,u) and odd-indexed points in black.”

For canonical problems, use the tautological potential [Vermeeren 2018]
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The “appropriate” scheme we consider is from [Ellison et al. 2018],

Ini1 =VUn+ (Dx9n)" (X0 — Xn_1) — AtV H,
-T
Xn+1 = Xn + At<Dy?9n+1) VyHniq

where indices denote the time step of the arguments.
setting zp11 = (Xp+1, Ynr1), We write the scheme as

SO|Ve SA{(Zn, Zn+1) - O, or Zn+1 - q)At(Zn).

Zn+1

initial guess with Hamlicit Euler step, then Newton iterations.

The scheme is sensitive to perturbations on 9,
even if they don’t impact the z-dynamics!
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0- 1st period
e rk4
@ dvi
-5 4
-10 - \
> _15 4
|
—25 1 ¢
T T T
_30 B

2.5 5.0 7.5 10.0 125 15.0

'@ Diverges after just 1 iteration
Why does this fail?

L. Trémant 18/33

(barely passing)

0.06 A
0.04 A
0.02 A

N 0.00 i
—0.02 A1

—0.04 A

—0.06

0.95 1.00 1.05

s Behaves like the reference model
Why does this work?
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¥ < 9 + cos(3x)

no impact on the
continuous dynamics

makes t — ¥ (x(t), y(t))
stiff and causes larger
numerical errors

such “invisible”
perturbations appear
during learning

0e00
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3.5
3.0 1
2.5
2.0 A
1.5 4
1.01
0.5
—— reference
——=- perturbed
00 1 T T T T T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Sample trajectories computed with a time-

step At = 0.01.
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which we denote z — r(z),
2

AL )+ o)

Zat = oat(2) + 5

with Zpt St SAf(Z7 ZAI) =0.

This error involves second-derivatives of ¥, H, but most importantly

it involves Dy + D97,
it is clearly gauge-dependent

Ly(©) = Ez[lfo(2) — 1(2)1%] +eBz[lre(2)I%],  e=10"%
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3.0 )
1st period
T
2.5 / o rka
/ ¢ dvi
2.0 A /
1
> 1.5 "
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1
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3.0 4
2.5
2.0
> 1.5
1.0 1
0.5

0.0 -

/ ¢ dvi

5k periods
® rk4

Simulation of the learnt dynamics fitted with the regularised loss, in short time (left) and
long time (5k periods, right), using RK4 and the DVI, At = 0.4.
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Idea and necessary precautions

Advantage for long-time simulations
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Since the end goal is simulation, we could instead learn the mapping

PAt OAt
T — T
2(0) --------------- y Z(At) -----5-----o--- y Z(2At
(O) g 2B o 228
354 .
Why learn f(-;0) ~ f . -
when we could learn S I .
q)At( °p @) ~ @At? 259 4 e '. - .. . .
2.0 ..' T, .
154 10 o ..'u.. o U « .
“ o e
{(Za @A[(Z)>@2Af(z))a 1.04 : M "N ® " ? ’
L PR S . o e
z sampled randomly} e R T
S

high-precision short-time simulation
At chosen at the limit of stability

X

Sample of the snapshot dataset for LV
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The flow (&, u) — ¢:(u) is symplectic, meaning that for all (f, u),

(Dupr(u))'J Dygpr(u) = J
by adding a term to the loss.

Will drift over time.

e.g. a SympNet[Jin et al. 2020] or a
HénonNet [Burby, Q. Tang, and Maulik 2021]

oar(U) = oHo ..o gp[ﬂ(u).
Not known for non-canonical systems

i.e. learn a Hamiltonian such that the
dynamics are recovered numerically, e.g. for the midpoint

par(U) = u+ AtJ ' VHx (L [u+ oar(u)])
[David and Méhats 2021]
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and learn the associated modified vector
field, e.g.

Explicit Euler:  oai(z) =z + At?Af(z)

Implicit Euler:  oai(z) = z + Aﬁm(cpm(z))

Does this modified vector field exist?
Can the structure be preserved?

Can the original vector field be recovered?

These questions are the topic of
backward error analysis!
[Hairer, Lubich, and Wanner 2006, Chap. IX]

With NNs: Poli et al. 2020; Mathiesen, Yang, and Hu 2022; Bouchereau et al. 2023
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the exact solution is the numerical

the numerical solution is the exact - c.
solution of a modified vf

solution of a perturbed vf

f P
T T~ ® rad PAt -
‘< At <
- \) n corrected Z(At)
b.e.a p4 b.e.a
N N -
N AN Q7Y N Pt
S f — A~ —
At fat

For a linear problem z = Mz,

onr =M

Oar = id LA My

} — MA[ = Alt (eA”V’ — Id) .

With non-linearities, some error is expected,
lpae — Parl| S €71/A
[Hairer, Lubich, and Wanner 2006, Thm 1X.7.6]
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™ . =~ T/ét -1 0 1
orr = [ &™ — (id -+ at Mar) ™| M=J"b=(" o)
10! >
1071 4 1072 4 A
1073 A 1074 A 7
g
£ 107 10 4 Pl
[
-7 &
1074 4 At=10"2 1078 N pred —— At=1072
10 4 At=5-10"4 10-10 ] Seme_ A At=5-10"
|~ at=10"° Pag —- At=10"5
1079 —o- order1 10712 4 /’/ —-=- order 2
1076 105 107* 103 1072 107 1076 105 107¢ 103 1072 107!
ot ot

Error at a time T = 5 for different learning time-steps At and simulation time-steps 6t
using the explicit Euler method (left) and the midpoint method (right).

simulate with the same time-step as for learning
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err= |e™ — (id+atJ ' Ha) ||, Hai= %(JMN + (IMp)T)

—10-2 A
1004 —— At=10 | 1o | P
. At=5-107 e
107 4 _ —10-5 e
- Atd— 10 o 10-4 1 &
10724 —-- orderl Rad &
- -6 Pt
o ~ i 107° 4 ¥
S 103 - .,
] E ::/ " P
10-4 p 107° 4 d —— At=10"2
3 - -~ & a
: A 10 ] - F At=5-10
10-5 ./' - 10 '
3 -7 JPtaad —- At=10"°
1076 4 //’/ 107124 .7 —-=- order 2
T T ™ T T T T T T ™ T T
106 10> 10™* 1073 1072 107! 10¢ 10> 10* 10°3 1072 107!
ot ot

Error at a time T = 5 for different learning time-steps At and simulation time-steps 6t
using the explicit Euler method (left) and the midpoint method (right).

use a scheme appropriate for the structure
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minimize Newton residual: setting Ja; = DgSAt(z, g@At(Z)),

C(@) = ]Ez {HJE; SA[ (Z7 (pAf(Z)) H:ch} +e€ |Og(KSCh(JAt))
The vector and matrix norms are weighted with the Gram matrix

E:[(z - oat(2))'(2 - par(2))].

Other losses are possible, see e.g. [Offen and Ober-Blébaum 2024], but
these are not easily compatible with the Gram norm.

solve  Sa(2", zZ"h =0
znt+

initial guess with a basic NN s.t. NN(z) = ¢a(2), then Newton steps.



Scheme learning 000 L. Trémant 30/33

3.0 1

P 1st period 3.0 A1 5k periods

e rk4 /\ o rk4

237 / \0 dvi 2.5 ¢ * dvi
2o | o/
[ !
159 | >154 J

|
104 | 104 ¢ }o
|
- oo §V—

Simulation of the scheme-learnt dynamics in short time (left) and long time (5k periods,
right), using RK4 and the DVI.

the DVI is more accurate than the 4th-order method
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-0.100 . : . . —0.06 1 . : .
095 1.00 1.05 1.10 0.95 1.00 1.05
R R

Barely passing particle, simulated using the scheme-learnt model with RK4 (left) and
DVI (right), for 1300 periods with about 15 time-steps per period. Points are drawn every
11 time-steps.

again, the error of the DVI compensates the error of the dynamics
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Result on the guiding center — Energy evolution

0.02 A1

0.01 A

AH [ Ho

0.00 A

—0.01 A

—0.02 A

0 200 400 600 800 1000
T

Figure: Relative energy evolution when applying the DVI on the different models (plotted every
11 time-steps) for the barely passing GC.

O with scheme-learning, the (relative) error is ~ 104
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Hamiltonian dynamics and reminders on the guiding center
the importance of encoding structure in learning

two distinct learning strategies

simple approach goal-oriented loss
s accurate to physics s long-time simulation
adapt loss for numerics fixed (but large) time-step

time-dependent problems, e.g. magnetic field lines
is the “nice” split z = (x, y) always possible?

thorough backward error analysis of the DVI
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Hamiltonian dynamics and reminders on the guiding center
the importance of encoding structure in learning

two distinct learning strategies

simple approach goal-oriented loss
s accurate to physics s long-time simulation
adapt loss for numerics fixed (but large) time-step

time-dependent problems, e.g. magnetic field lines
is the “nice” split z = (x, y) always possible?

thorough backward error analysis of the DVI
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The magnetic potential A = (0, Ag, Ay) is given by

_ BoR§ ([ rcos(0) r cos(6) _ Bor?
Ag(f‘,@) = COSE(Q) < RO —|og 1 +TO s A¢(r) = 2q0

The parameters are Ry = 1 the radial position of the magnetic axis; By = 1
the magnitude of the magnetic field at Ry; qo = 2 the (dimensionless) safety
factor, regarded as constant. To avoid division by zero, we use the integral

formulation Ag(r,8) = ByRor? fo H0+ttr(itos(9)

The Hamiltonian is a combination of kinetic and magnetic energies,

2
H(r,0,u) = %uz + uB(r,0), B(r,0) = _ By <r) ,

14 L@ GoFo

where the additional parameter 1 is the (constant) magnetic moment of the
particle and B = ||B|| is the magnitude of the magnetic field.
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Adapted from [Qin, Guan, and W. M. Tang 2009], with ji..; = 2.448 x 1078
and U,.¢(0) = —8.117 x 104, We wish to use . = 2.25 x 1078, and
therefore look for u(0) to satisfy a proportionality rule:

H . 1 2 H 2
H=—"—H,s, ie = B(0) = — Uy B.. .
eep et 1€ 5u(0)" + uB(0) e £(0)° + pBret(0)

Since the magnetic field is independent of i and v, it is the same on both
sides, B(0) = B,.t(0), therefore we find

u(0) =,/ ﬁu,.ef(oy

This yields u(0) = —7.782 x 10~4,
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Using the Einstein summation convention,

. y »
Vja ' = =)0,k — Ha k)25,

- y . (1)
19,"5 r? = —(19,‘_’/‘ + 19/'7,‘)I’j — (19/'_’,',le — H‘,,'yk)Zk.

Remember that we use the Einstein summation convention, with summation
indices j, 8 and k here: the first line of (1) would read

d 2d
019,,_ 3219, o PH N\

The indices i, j are reserved for the x-component, «, 8 for y and k for z.

When used in learning, we first compute (rf)j using the vector-field training
data for x/, Z¥ and auto-differentiate through the network for Ujer O cvsbes Hoo -
We then compute (r?); in the same way, using the known r/.
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MLPs are a class of parametric approximation func-
tions based on compositions.

z
f(Z; e) = ‘FeL+1 O Pur OI@L O ... O Ppy O.F@w(Z)
T lP(Aou + bo)
hy

0 = (@1,u2.,@2.,...,uL,@L+1)are the ‘
parameters; hy
hy, ..., hy are the “hidden variables” lp(AzhE +by)
.F@[(h) = Agh + bg with O, = (Az, bg),
“self-scalable tanh” activation from T
Gnanasambandam et al. 2022, iaL h+ by

pu,(h) = tanhg (h) + e © h© tanhg (h), f(z;©)

multiplications and tanh applied componentwise.
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“Learning” consists in minimizing an objective function, the “loss”

\Mz

min £(©
)

( f(z?, 0 f(z(b)))

The gradient w.r.t. © is computed using automatic differentiation;
This is done using stochastic gradient descent, i.e. batches;

the dataset { (2, /(z(*)))} is too large otherwise

reduces overfitting, as a sort of annealing term

Sometimes the objective function is not the immediate output of the
neural network.

fit the differentials of penalisation on the regularisation using
the output parameters ||O|| e.g. finite differences



	Simulating non-canonical Hamiltonian dynamics
	Non-canonical Hamiltonian dynamics - derivation and examples
	Vector-field learning from velocities

	Long-time simulation of learnt dynamics
	First-order degenerate variational integrator (DVI)
	Loss function for long-time simulations

	Scheme learning from snapshots
	Idea and necessary precautions
	Advantage for long-time simulations

	 
	Appendix
	Appendices
	References
	Guiding center & numerical error
	Details for deep learning


